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Abstract

In order to investigate the transient response of a planar liquid sheet, subjected to deflection due to inertia forces, a m
ical description of the time-dependent behaviour of a liquid sheet is needed. This paper discusses the derivation of the
of motion governing the time-dependent deflection of a moving sheet of liquid. The magnitude of the deflection conside
the order of magnitude of the sheet’s length, and the Reynolds number considered is small. The equations are expres
a 2D orthogonal curvilinear co-ordinate system, moving and changing shape along with the sheet. The co-ordinate
motion is described by a specific velocity component, and is imposed by the motion of the slot from which the sheet e
The derived equations include viscous contributions to the sheet’s dynamics and are general enough to allow compa
special cases found in previous literature works. The influence of viscosity on the sheet’s dynamics is assessed by
computations of the derived equations.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Planar liquid sheets are encountered in various industrial coating processes. Coating processes that use a liqui
generally referred to ascurtain coatingprocesses. Coating happens by impingement of the liquid sheet onto a moving su
such as photographic or magnetic carrier films. In these cases the liquid sheet is extruded from a fixed mounted d
the substrate is moving underneath the sheet. A comprehensive overview of coating methods may be found in K
Schweizer [1].

On the other hand, one may think of an application where a planar liquid sheet moves, while the substrate that is to
stands still. An example of the latter iscurtain recoating for stereolithography[2,3]. Stereolithography (SL) is a manufacturin
process, where parts are grown in a layerwise fashion by selectively curing a liquid photopolymer with a laser be
process consists of a repetition of two distinct phases. In a first phase, a liquid film is coated onto a bath of liquid, in w
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Nomenclature

aD acceleration of the coating die
f normal velocity of the sheet’s centre line
g gravitational acceleration
H slot clearance
h element of length (1+ nκ)
L sheet length
p liquid pressure
pg gas pressure
Q flow rate per unit sheet width
R modified Reynolds number (ρusLµ−1)
Re Reynolds number (ρusT0µ−1)
T sheet thickness
T0 initial sheet thickness (at die outlet)
t time

u streamwise velocity
us streamwise velocity scale (

√
gL )

v velocity component normal to sheet’s centre
line

W modified Weber number (ρu2
sLσ−1)

We Weber number (ρu2
s T0σ−1)

ε slenderness ratio (T0L−1)
θ angle of the sheet’s centre line with the vertical

axis
κ curvature of the sheet’s centre line (∂θ/∂s)
κif curvature of the air–liquid interface
µ dynamic viscosity
ρ liquid density
σ surface tension

(a) (b)

Fig. 1. Curtain recoating for stereolithography: coating of a new liquid layer. (a) Coating die extruding a liquid sheet, and coating of
layer. (b) Schematic view of the machine and its layer coating process.

part is grown. The second phase consists of selectively curing a part’s cross-section in the applied liquid film by scan
surface with a laser beam.

Fig. 1 shows schematically the principle behind curtain recoating for stereolithography. A die extrudes a liquid sheet
a narrow slot at its lower face (Fig. 1(a)). Motion of the die and the liquid curtain causes a thin film of liquid to be coate
curtain must move at a constant speed in order to coat a film of uniform thickness. The thicknessd of the coated layers depend
on the flow rateQ (expressed per unit sheet width) through the die, and on the coating speedVC by the relationd = Q · V −1

C
.

Only the film coated onto the liquid bath (Fig. 1(b)), in which the part to be made is grown, is useful. During accelerat
deceleration of die and curtain, the impinging liquid is collected in a basin and flows back to a reservoir. After a new
layer has been coated, it is selectively cured by an UV-laser beam. In this way, the part grows by one layer. The whol
is repeated several times, until all layers that constitute the part have been added.

The motion of the coating die is repetitive, meaning that the die is moved from one end of the machine to the other
versa, each time coating a single layer. The motion of the die consists of an acceleration phase, a phase of consta
during which the layer is coated onto the bath of liquid, and a deceleration phase. When the die is accelerated, the liq
experiences an inertia force, that tends to bend the liquid sheet out of its plane, giving rise to a transient response. Thi
response must have dissipated when coating of a layer starts, otherwise leading to an irregularly coated layer. The
transient response decays, the shorter the machine stroke can be for a given coating speed, or the higher the coatin
be for a given machine length.

In order to study the transient dynamics, a mathematical model of a liquid sheet is needed, able to predict the out
bending when the sheet undergoes a certain acceleration in function of time.
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1.1. Literature overview

A large body of literature exists, addressing the mathematical description of the flow within a liquid sheet, and of its s
However, the authors were not able to find works that derived equations of motion, describing the time-dependent defl
a liquid sheet, when subjected to inertia forces. This paper considers sheet deflections that are on the order of magni
sheet’s length. A literature overview follows, discussing the works that are most relevant to the case being treated in th

Extensive literature is available on thesteady-stateflow in 2D liquid sheets, and related stability. Brown [4] was perh
the first to measure the streamwise velocity of steady, vertically falling viscous liquid sheets, for different viscosities a
rates. Based on his experiments he proved that the streamwise velocity could be approximated by a modified free-fal
in which the initial velocity was corrected for viscosity. Brown’s formula is only a good approximation for distances suffic
far downstream. In an appendix to the same paper, Taylor derived a differential equation for the streamwise velocity, a
a constant normal stress, and neglecting surface tension. Choosing a co-ordinate system withx orientated towards streamwis
direction, andy normal to it, and usinḡu to denote the mean streamwise velocity,T the local sheet thickness,µ the dynamic
viscosity, andg the gravitational acceleration, the equation derived by Taylor is expressed using the following dimens
variables:

U =
(

ρ

4µg

)1/3
ū, X =

(
ρ

4µ

)2/3
g1/3x (1)

and results in:

d

dX

(
1

U

dU

dX

)
+ 1

U
− dU

dX
= 0. (2)

The same equation (2) was later also derived by Clarke [5] as the leading order equation of a downstream asymptotic
for small Reynolds numbers.

Taylor’s equation is valid downstream of a location in the sheet where the influence of the orifice on the flow has
sufficiently small. This influence is primarily due to viscous traction by the solid walls in the slot, which suddenly disapp
the orifice. The disappearing viscous traction causes a flow rearrangement in which the parabolic profile of streamwis
in the slot evolves to a plug-like profile. Gravity becomes increasingly important downstream to eventually domina
viscous forces. Clarke hypothesised an exponentially fast decay of the orifice’s influence on the flow in the curtain, g
characteristic decay length the clearance of the slot,H . Söderberg and Alfredsson [6] provide proof for this assumption. T
performed finite-difference calculations to investigate the relaxation of the streamwise and normal velocity profiles in c
steady, 2D liquid sheet, issuing from a slot and falling in the direction of gravity. Assuming laminar flow in the slot, they
the relaxation length for the streamwise velocityu to be�u

R
= 0.09HRe. �u

R
is calculated as the distance from the slot ou

where| usurface
ucentreline

− 1| < 0.01, and the Reynolds number is given byRe= ρQµ−1. For small Reynolds numbers, this means t

the streamwise velocityu relaxes over a distance, which is less than the slot clearance. Thus, for long and thin (i.e. s
sheets, the rearrangement zone close to the slot may be neglected.

Clarke [5] found an analytical solution of Taylor’s equation (2) in terms of Airy functions:

U(X) = 2−1/3{
Ai(r)

}2/[{
Ai′(r)

}2 − r · {Ai(r)}2]; r = 2−1/3(X + k0) (3)

whereAi is the Airy function,Ai′ is its derivative with respect tor , andk0 is an arbitrary constant. Adachi [7] proposed
approximate solution to Taylor’s equation, overcoming the mathematical complexity of handling (3). His equation stem
an addition of two terms, governing respectively a viscous-gravity and inertia-gravity jet:

X = 1/2

{
U2 − δi

(
ρu3

0
4gµ

)2/3}
+ 21/2

{
U1/2 −

(
ρu3

0
4gµ

)1/6}
(4)

whereδi is an integral constant, depending on the velocity profile (δi = 1 for inviscid liquids), andu0 is the mean streamwis
velocity at slot outlet. The first term on the right-hand side is dominant in high-speed jets, and the second term in cree
Eq. (4) may be used as a sufficient approximation of (3) ifk0 andδi are chosen appropriately.

Aidun [8] derived an equation governing the streamwise velocity in a planar sheet, starting from the Navier–Stoke
equations, integrating them over the sheet’s thickness, and including appropriate boundary conditions at the free surf

u
du

dx
= 4µ

ρ

d2u

dx2
− 1

ρT

dT

dx

(
σκ + P0 − 4µ

du

dx

)
+ g, (5)

with σ the surface tension, andκ the curvature of the free surface. Taylor’s equation results from (5) by neglecting su
tension, normalising pressure, such that the ambient pressureP = 0, and converting to a dimensionless form using (1).
0
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Further in his paper, Aidun used (5) to derive an approximate equation for the case of thin sheets, for which he neg
curvature of the free surface such that dT/dx is zero, leading to the equation

d2U

dX2
= U

dU

dX
− 1,

with X andU expressed by (1). Using Brown’s experimental data, he concluded Taylor’s equation (2) to be the best one
ing the velocity measurements. Aidun’s thin sheet approximation only agreed well with experimental data forX > 3, showing
that dT/dx is not negligible close to the slot exit. Brown’s modified free-fall formula was only valid as an approximationu

for X > 10.
Ramos [9] used perturbation methods to derive leading-order equations of the N–S equations for planar liquid sh

at low Reynolds numbers. Neglecting surface tension, he showed Taylor’s equation (2) to be the leading order appro
governing the streamwise velocity, for flow at low Reynolds numbers.

Concerning the deflection of liquid sheets, Buckmaster [10] analysed buckling phenomena of thin threads of visco
falling nearly vertically through a bath of liquid of comparable density. Starting from the steady-state N–S equations, e
in curvilinear orthogonal co-ordinates, he integrated them across the thread’s thickness. To the resulting integral eq
perturbation analysis was applied to derive an equation describing the thread’s path. The result was a fifth-order d
equation in the angle of the thread’s centre line with the horizontal. The numerical solutions to this equation only p
counted for the experimental observations. In a later paper, Buckmaster et al. [11] considered deformations of a thin 2
of viscous liquid, immersed in a vacuum, whose ends are moved slowly. They neglected therefore all inertia terms
analysis, and made use of integrated equations to represent a global balance of forces and moments. Perturbation me
used to derive an equation governing the thread’s shape for the case where the deflection was of the order of (i) th
thickness, and (ii) the thread’s length. Their procedure resulted, in both cases, in a third-order partial differential equ
the angle of the thread’s centre line, as a function of time and distance from one end. For small deflections, the equat
linearised, and a complete discussion based on eigenfunction expansions was given. Solutions for large deflections n
numerical computations.

Another important matter of investigation is the dynamic response of liquid sheets to fluctuations in ambient pressu
sure fluctuations on the curtain due to air flow induce propagating waves that threaten uniform coating [12]. Ramos [13
the dynamic response of annular liquid jets to time-dependent pressure fluctuations. Rearrangement of the inviscid eq
motion, integrated across the jet’s thickness led him to derive an ordinary differential equation describing the respon
jet’s convergence length to applied pressure fluctuations. Finnicum et al. [14] investigated the static deflection of a liq
under the influence of a constant pressure difference across the sheet. Their experiments showed good agreement w
plified, global equations of motion for a two-dimensional inviscid sheet with surface tension. Furthermore, Weinstein et
and Clarke et al. [16] investigated the dynamic response of two-dimensional, inviscid liquid sheets subject to disturb
ambient pressure. Based upon the assumption of potential flow, and by using perturbation methods, they derived
equations governing small deflections of a liquid sheet around a steady-state base flow. The derived approximate eq
validated by experiments.

Schmid and Henningson [17] investigated the stability of a liquid curtain, falling under the influence of gravity, and
enced by a compressible air cushion enclosed on one side of the curtain. They derived inviscid equations of motio
were linearised on the assumption of small oscillations, compared to the length of the curtain. The linear system
horizontal velocity and displacement of the curtain from the vertical axis. This system shows an instability feature, wh
found to be in good agreement with experiments. The corresponding wave packet travels down the curtain and cause
pressure signal in the enclosed air cushion. Mehring and Sirignano [18] analysed linear and nonlinear dilational and
capillary waves on thin, planar liquid sheets in the absence of gravity. They derived a time-dependent 1D system of e
in the assumption that the sheet is thin compared with the wavelength of the disturbance. In the linear system the
governing the dilational and sinuous deflection are decoupled. The nonlinear equations are analysed separately fo
of dilational and sinuous waves. Good agreement is found with a 2D nonlinear system. They compared linear and
solutions to a harmonic forcing at the orifice, and found that nonlinear solutions do not change some of the characte
distortion identified by the linear analysis. However, in the nonlinear case higher harmonics, and in some cases shee
were observed.

The present discussion makes clear that the above mentioned works are not able to fully describe the case und
investigation. The present study is concerned with the derivation of a good model describing large time-dependent d
of a liquid sheet. These deflections originate from the acceleration of the sheet. Inertia forces will thus be important, an
must be included. Moreover, the present analysis will consider a viscous liquid, as the Reynolds number is found to be
practice.
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1.2. Article outline

The present article derives 2D equations of motion governing the time-dependent deflection of a liquid sheet when
to inertia forces. In Sections 2 and 3 the problem is mathematically posed. A curvilinear co-ordinate system is chose
on the instantaneousposition of the sheet’s centre line. Thereafter, the equations of motion are derived within the
reference frame, and boundary conditions at the free surfaces are derived. Section 4 makes the derived equations dim
Based on the assumption of slender sheets, an order of magnitude analysis is performed, and the number of terms
Section 5 discusses the integration of the reduced equations of motion across the sheet. In order to calculate th
integrals, an expression for the pressure within the sheet is extracted from the boundary conditions at the interface. I
of the equations of motion finally leads to a workable set of differential equations, that describe streamwise velocity
velocity of the centre line, and thickness in function of time. Section 6 adds a few comments on the derived set of equat
compares the present set with equations found in literature. Section 7 finally investigates the effect of viscosity on the
response of the sheet.

2. Initial considerations

Consider a liquid sheet, falling under the influence of gravity. The sheet is unsupported, meaning that it has two li
interfaces. For the present study an interface between a viscous liquid with constant surface tensionσ , and an inviscid gas i
considered. The gas is only able to exert a pressure normal to the interface. Consider also the sheet to be infinitely
wide enough such that the lateral ends of the sheet do not affect the dynamics in the middle). Thus, a two-dimensiona
suffices to describe the motion of a sheet cross-section.

2.1. Co-ordinate system

In order to deal mathematically with the sheet’s deflection, consider a curvilinear, orthogonal co-ordinate system(s, n) as
depicted in Fig. 2. Here, thes-axis is orientated in streamwise direction, and assumes the instantaneous position of the
centre line. Then-axis is normal tos. Only axiss is curved, and the angle that thes-axis makes with the vertical is denotedθ , as
depicted in Fig. 2. Thes-axis’ curvature is represented byκ = ∂θ/∂s. As a time-dependent deflection of the sheet is conside
bothθ andκ are function of time.

Fig. 2 also depicts an(x, y) Cartesian co-ordinate system, fixed to the coating die, and having its origin on the sheet’s
line, at the die outlet. The origin of the(s, n) frame coincides at all times with the origin of(x, y). The (x, y) frame is not
inertial, as it undergoes acceleration of the die, denoted�aD . In steady-state,θ ≡ 0, and the(s, n) frame coincides with(x, y),
with �s = �x and�n = −�y. On the other hand, when axiss is curved, the length of an arc in between(s, n) and(s + δs, n) depends
upon the local curvatureκ(s, t) of axis s, and on the normal co-ordinaten. This arc length can be written as(1 + nκ)δs, and
throughout this paper we useh = 1+ nκ , such that the length of an infinitesimal arc is denotedhδs.

Fig. 2. Cross-section of a bent liquid sheet, and definition of a curvilinear co-ordinate system(s, n).
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Equations of motion are derived in the moving(s, n) frame of reference, following an Eulerian approach (control volu
approach). The velocity components in the(s, n) frame are represented by(u, v) alongs andn respectively.(u, v) only describe
flow within the sheet, and do not describe the velocity of deflection. The deflection is described by the motion of thes-axis,
which is constructed to assume the instantaneous position of the sheet’s centre line. The velocity of the centre line,normalto s,
is represented byf = f (s, t). As the centre line coincides at all times with thes-axis,f also represents the velocity of axiss.
Note thatf is independent ofn. The centre line velocityf is seen by an observer moving with the(x, y) frame, but isnot seen
by an observer moving along with(s, n).

3. Equations of motion

Motivated by the discussion in Section 1.1, equations of motion will now be derived that describe the time-de
behaviour of slender liquid sheets subjected to inertia forces. On the one hand the deflection of the sheet is assumed
and in the authors’ opinion a curvilinear reference frame is best suited in this case to describe motion. The derivati
N–S equations in a steady curvilinear co-ordinate system has been repeatedly reported elsewhere.1 On the other hand, in ligh
of the discussion in Section 2.1, the curvilinear reference frame will beunsteady(i.e. κ is function of time). Such a referenc
frame has already been used by Buckmaster et al. [11] to derive equations for an inertialess flow. In this section, the
equations are derived for inertia-gravity driven flow in a viscous liquid sheet.

3.1. Conservation of mass

The mass conservation equation is derived assuming a fixed fluid element as depicted in Fig. 3. With the aid of th
and following the reasoning of Lamb,2 the mass conservation equation can easily be derived by stating that the net re
mass flux through an infinitesimal element must equal the change of mass within the infinitesimal element:

−ρ

{
∂u

∂s
+ ∂

∂n
(hv)

}
δsδn = ∂

∂t
(ρhδsδn).

Assuming a liquid of constant density, the mass conservation equation may thus be written as:

∂h

∂t
+ ∂u

∂s
+ ∂

∂n
(hv) = 0. (6)

The first term∂h/∂t in (6) results from the time-dependence of the(s, n) frame, and is therefore new w.r.t. previous expressi
for mass conservation.

Fig. 3. Components of the velocity in an infinitesimal element centred round a point(s, n). Thef -velocity component is not seen by an obser
travelling along with the(s, n) frame.

1 The authors used Goldstein [19], page 119.
2 Lamb [20], Art. 7.
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3.2. Momentum equations

Conservation of momentum states that the change in momentum of a fixed control volumehδsδn is only due to forces acting
on that control volume:3

∂

∂t

∫ ∫
A

ρ(�v + �f )dA +
∮
C

(�v + �f )
(
ρ(�v + �f ) �d�

) =
∑

δF. (7)

The first term on the left-hand side of (7) is a surface integral over the surface of the control volume of Fig. 3. The seco
is an integral taken along the contour of that fluid element.

The surface integral has components

ρ
∂

∂t
(hu)δs δn, ρ

∂

∂t
(hv + hf )δsδn (8)

alongs andn respectively, while the integral along the contour of an infinitesimal control area results in:

alongs: ρ

{
2u

∂u

∂s
+ 2κu(v + f ) + hu

∂v

∂n
+ h(v + f )

∂u

∂n

}
δsδn,

(9)

alongn: ρ

{
(v + f )

(
2h

∂v

∂n
+ ∂u

∂s

)
+ u

(
∂v

∂s
+ ∂f

∂s

)
− κu2 + κ(v + f )2

}
δsδn.

An expression for the contribution of the forces acting on an infinitesimal element will now be derived. Gravity ac
volume force on the element by its amountρ �ghδsδn. Let the die be accelerated by�aD , then the sheet experiences an iner
force−ρ�aDhδsδn. For the moment no assumptions are made concerning the orientation of the sheet. Therefore, the com
of �g along axesx andy are denotedgx andgy respectively. For the inertial force�aD , the components areaDx andaDy .

As the fluid is considered to be viscous, with constant dynamic viscosityµ, the internal stresses exert tractions on
boundaries of the infinitesimal element, as depicted in Fig. 4. Summing the tractions results in:

alongs:

{
∂pss

∂s
+ ∂

∂n
(hpns) + pns

∂h

∂n

}
δsδn,

(10)

alongn:

{
∂pns

∂s
+ ∂

∂n
(hpnn) − pss

∂h

∂n

}
δsδn.

Fig. 4. Stresses exerted at the boundaries of an infinitesimal element.

3 The authors used Streeter [21], Eq. (2.28).
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The contribution of the tractions can be expressed in terms of the velocity components by means of the constitutive e
for the stresses (see Goldstein [19]):

pss = −p + 2µ

{
1

h

∂u

∂s
+ 1

h

∂h

∂n
v

}
,

pnn = −p + 2µ
∂v

∂n
, (11)

pns = µ

{
1

h

∂v

∂s
+ h

∂

∂n

(
u

h

)}
.

The reader should note here thatf does not enter (11), as the constitutive equations for the stresses are described wi
(s, n) frame.

All terms of Eq. (7) have been derived. Thus, we substitute (8)–(10) with (11), and the expressions for the volume
the momentum equation (7). With the aid of (6), the momentum equations in differential form are found to be:

(s) ρ

{
h

∂u

∂t
+ u

∂u

∂s
+ h(v + f )

∂u

∂n
+ κu(v + 2f )

}
= ρh

{
(gx − aDx)cosθ + (gy − aDy)sinθ

} − ∂p

∂s

+ µ

{
1

h

∂2u

∂s2
+ h

∂2u

∂n2
− n

h2

∂κ

∂s

∂u

∂s
+ κ

∂u

∂n
− κ2

h
u + 1

h2

∂κ

∂s
v + 2

κ

h

∂v

∂s
+ n2

h2

∂κ

∂t

∂κ

∂s
− n

h

∂

∂s

(
∂κ

∂t

)}
,

(n) ρ

{
h

(
∂v

∂t
+ ∂f

∂t

)
+ u

(
∂v

∂s
+ ∂f

∂s

)
+ h(v + f )

∂v

∂n
− κu2 + κf 2 + κf v

}
(12)

= ρh
{
(gx − aDx)sinθ − (gy − aDy)cosθ

} − h
∂p

∂n

+ µ

{
1

h

∂2v

∂s2
+ h

∂2v

∂n2
− n

h2

∂κ

∂s

∂v

∂s
+ κ

∂v

∂n
− κ2

h
v − 1

h2

∂κ

∂s
u − 2

κ

h

∂u

∂s
+ n

h
κ

∂κ

∂t
− ∂

∂n

(
n

∂κ

∂t

)}
.

Comparing (12) with the momentum equations given by Goldstein [19] (Eq. (7) page 119) for time-dependent flow
fixed, curved wall shows that:

ρ

{
hf

∂u

∂n
+ 2κuf

}
and ρ

{
h

∂f

∂t
+ u

∂f

∂s
+ hf

∂v

∂n
+ κ(f 2 + f v)

}
represent additional momentum terms in an unsteady curvilinear frame, ins andn direction respectively. The term 2κuf may
be seen as the Coriolis acceleration of a particle moving along a curved path with velocityu and at the same time movin
radially with velocityf . The first three terms forn correspond to the three rightmost terms of(12, n), but withv replaced byf .

Comparison of the expressions for the viscous tractions with Goldstein [19] (Eq. (7) page 119) shows the following ad
terms in (12):

n2

h2

∂κ

∂t

∂κ

∂s
− n

h

∂

∂s

(
∂κ

∂t

)
and

n

h
κ

∂κ

∂t
− ∂

∂n

(
n

∂κ

∂t

)
for s andn respectively. These are related to the time-dependence ofκ .
Fig. 5. Triangular boundary element at the positive interface.
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3.3. Boundary conditions

At both liquid–air interfaces kinematic and dynamic boundary conditions must be applied. The kinematic boundary c
originates from the fact that the interface (in 2D) is a streamline. This consideration is expressed by the following relat

hv = ±1

2

(
h

∂T

∂t
+ u

∂T

∂s

)
atn = ±T

2
. (13)

Here,T denotes the local sheet thickness. The dynamic boundary conditions are derived by writing out the momentum e
for a triangular boundary element as depicted in Fig. 5. They are derived in appendix, and result in the following expre

(s+) − µ

(
∂v

∂s
+ h+ ∂u

∂n
− κu

)
+ µ

∂T

∂s

(
1

h+
∂u

∂s
+ κ

h+ v

)
+ 1

2

∂T

∂s
(pg+ − p+ + σκ+

if
) = 0,

(n+) h+p+ − 2µh+ ∂v

∂n
+ µ

2

∂T

∂s

(
1

h+
∂v

∂s
+ ∂u

∂n
− κ

h+ u

)
− h+(pg+ + σκ+

if
) = 0,

(14)

(s−) µ

(
∂v

∂s
+ h− ∂u

∂n
− κu

)
+ µ

∂T

∂s

(
1

h−
∂u

∂s
+ κ

h− v

)
+ 1

2

∂T

∂s
(pg− − p− − σκ−

if
) = 0,

(n−) − h−p− + 2µh− ∂v

∂n
+ µ

2

∂T

∂s

(
1

h−
∂v

∂s
+ ∂u

∂n
− κ

h− u

)
+ h−(pg− − σκ−

if
) = 0,

where the+ sign is used to denote quantities at the interface for positiven = T/2, while the− sign denotes quantities a
the interface for negativen = −T/2. Note thatκ+

if
andκ−

if
represent the curvatures of the interfaces, which normally do

coincide with thes-axis’ curvatureκ .
The set of equations describing viscous flow in a liquid sheet is complete, consisting of Eqs. (6) and (12), describing

fluid flow, together with the boundary conditions (13) and (14). The next step will consist in making the terms nondime

4. Nondimensional (normalised) form

The derived equations will now be expressed in a nondimensional fashion in order to assess the order of magnitu
various terms in the equations. Therefore, we choose appropriate length and velocity scales.

An appropriate length scale for the present analysis is found by considering that the sheet deflections under investi
on the order of the sheet length. The characteristic wavelength of these deflections is therefore proportional to the len
sheet. Thus, let us choose the sheet lengthL to be the characteristic length scale for the streamwise direction.4 Let us define a
corresponding velocity scaleus = √

gL. The initial sheet thickness,T0, is chosen as the length scale for the normal direct
Thenε = T0L−1 represents a slenderness ratio. The velocity scale for the normal velocity isvs = √

εgT0, such thatvs = εus .
In the present analysis we assume the sheet to be slender such thatε � 1. Furthermore, time is scaled byτ = Lu−1

s =
√

Lg−1,
and pressure byπ = ρu2

s = ρgL.
Now all quantities may be expressed in nondimensional form, thus (overscore bar denotes dimensionless quantity

s̄ = s

L
, n̄ = n

T0
, t̄ = t

τ
, ū = u

us
, v̄ = v

vs
, �T = T

T0
, p̄ = p

π
, κ̄ = Lκ.

With these definitionsh = 1+ εn̄κ̄ . As f will generally be much larger thanv, let us assume:

f̄ = f

us
.

Consider also a Reynolds number:

Re= ρusT0

µ
= ε

ρ
√

gLL

µ
= εR

such that themodifiedReynolds numberR = O(1). Likewise, consider a Weber number:

We= ρu2
s T0

σ
= ε

ρgL2

σ
= εW.

4 The chosen length and velocity scales correspond to a long-wave analysis of the governing equations. See e.g. also Ramos [9].
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Use will be made of themodifiedWeber numberW in what follows, but a note should be made at this point concerning
order of magnitude ofW . It is tempting to considerW = O(1), but this is mostly not the case as the ratioρ/σ is very large, say
O(ε−1). We will further address this issue in Section 6.

The nondimensional quantities are substituted into the equations of motion. All terms O(ε) or higher in Eqs. (6) and (12) ar
neglected, as their influence on the behaviour of the differential equations is negligible, compared to the terms that are
By so doing, and dropping the overscore bar, as all quantities are dimensionless, the following nondimensional equ
derived.

Mass conservation

∂h

∂t
+ ∂u

∂s
+ ∂

∂n
(hv) = 0. (15)

Momentum balance

(s) h
∂u

∂t
+ u

∂u

∂s
+ hv

∂u

∂n
+ h

ε
f

∂u

∂n
+ 2κuf

= h

{
gx − aDx

g
cosθ + gy − aDy

g
sinθ

}
− ∂p

∂s
+ 1

R

{
1

h

∂2u

∂s2
+ h

ε2

∂2u

∂n2
+ κ

ε

∂u

∂n
− κ2

h
u

}
+ O(ε),

(16)

(n) h
∂f

∂t
+ u

∂f

∂s
+ hf

∂v

∂n
− κ(u2 − f 2) = h

{
gx − aDx

g
sinθ − gy − aDy

g
cosθ

}
− h

ε

∂p

∂n

+ 1

R

{
h

ε

∂2v

∂n2
+ κ

∂v

∂n
− 1

h2

∂κ

∂s
u − 2

κ

h

∂u

∂s
− ∂

∂n

(
n

∂κ

∂t

)}
+ O(ε).

Kinematic boundary condition

hv = ±1

2

(
h

∂T

∂t
+ u

∂T

∂s

)
atn = ±T

2
. (17)

Dynamic boundary conditions, O(ε2) accurate

(s+) − 1

R

{
ε
∂v

∂s
+ h+

ε

∂u

∂n
− κu − ε

h+
∂T

∂s

∂u

∂s

}
+ 1

2
ε
∂T

∂s

{
pg+ − p+ +

κ+
if

W

}
= 0,

(n+) − h+
{
pg+ − p+ +

κ+
if

W

}
− 2

R
h+ ∂v

∂n
+ 1

2R

∂T

∂s

{
∂u

∂n
− ε

h+ κu

}
= 0,

(18)

(s−)
1

R

{
ε
∂v

∂s
+ h−

ε

∂u

∂n
− κu + ε

h−
∂T

∂s

∂u

∂s

}
+ 1

2
ε
∂T

∂s

{
pg− − p− −

κ−
if

W

}
= 0,

(n+) h−
{
pg− − p− −

κ−
if

W

}
+ 2

R
h− ∂v

∂n
+ 1

2R

∂T

∂s

{
∂u

∂n
− ε

h− κu

}
= 0.

The dynamic boundary conditions will be used to derive an expression for the pressure. As the pressure term in then-balance
equation (16) is O(ε−1), terms in (18) are retained to O(ε).

5. Integration of the equations of motion

In order to get a workable set of equations describing the dynamic behaviour of a liquid sheet, the set of Eqs. (15)
is integrated across the sheet. Calculation of the integrals is only possible when assumptions are made concerning t
profiles, and the pressure. An expression for the pressure is derived from the boundary conditions (18).

Motivated by the results of Söderberg and Alfredsson [6], which have been discussed in Section 1.1, we assume
streamwise velocity profile

u = A(s, t) and ∂u/∂n = 0 (19)

which was also found by Ramos [9] as the leading order term ofu. This assumption may also be deduced from looking at
momentum equations (16), where the terms containing∂u/∂n appear to be O(ε−1). Such a large impact does not make sens
slender sheets, at least at a sufficient distance from the orifice. Thus, we postulate that∂u/∂n should be at most O(ε) such that
the terms in (16) containing these derivatives result to be O(1) or smaller. The same holds for∂2u/∂n2 which is assumed to b
O(ε2) or smaller. Let us note here that (19) was found both by Ramos and Söderberg et al. for vertically falling liquid
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for which in the present casegx = g, andgy = 0. When the sheet emanates from a direction that is significantly inclined
the vertical, (19) may not hold, and ann-dependence ofu should be considered, sayu = A(s, t) + εC(s, t)n. This assumption
will be investigated in Section 6. Consider for the present case (19) to hold.

The present analysis assumes a profile forv, that varies linearly withn, and that is consistent with the kinematic bound
condition at both liquid-gas interfaces, thus

v = B(s, t)n. (20)

Ramos [9] found (20) as the leading order term ofv. A look at then-balance of (16) makes clear that∂2v/∂n2 should be at
most O(ε). The assumption of a nonzero∂2v/∂n2 will be investigated in Section 6. Furthermore, let the interfacial curva
κif be written asκ±

if
= κ + κ̃±

if
. Expressions for the curvaturesκ̃±

if
at both interfaces are found when considering the inter

of a planar sheet (κ = 0):

κ̃±
if

= ∓1

2
ε
∂2T

∂s2
+ O(ε2). (21)

Integration of the mass conservation equation (15) across the sheet gives:

ε
∂κ

∂t

T /2∫
−T/2

ndn +
T/2∫

−T/2

∂u

∂s
dn +

T/2∫
−T/2

∂

∂n
(hv)dn = 0.

The integral in the first term is zero. The time-dependence ofκ thus disappears from the integral expression of the m
conservation equation. The remaining two integrals can be calculated with the aid of the kinematic boundary condit
The integral expression for mass conservation thus becomes:

∂

∂s
(T u) + ∂T

∂t
= 0. (22)

Note that (22) has been derived independently of any assumption on the profile of the normal velocityv.
On the other hand, assuming a linearn-dependence ofv as in (20), another interesting relationship may be deduced from

kinematic boundary condition (17). Subtracting the kinematic boundary condition atn = −T/2 from the one atn = T/2 gives:

h+v+ − h−v− = u
∂T

∂s
+ ∂T

∂t
. (23)

Expliciting the left-hand side of (23), using (20) results in:

h+v+ − h−v− = h+ T

2

∂v

∂n
+ h− T

2

∂v

∂n
= T

∂v

∂n
. (24)

Comparing (24) with (23) leads to the following expression:

T
∂v

∂n
= u

∂T

∂s
+ ∂T

∂t
, (25)

and comparing (25) with the integral form of the equation for mass conservation (22) leads to:

∂u

∂s
+ ∂v

∂n
= 0. (26)

Theu andv velocity components are thus always interrelated, independent of the time-behaviour of the sheet. As will b
in Section 6, the accuracy of (26) is O(ε). (26) can also be derived directly from the mass conservation equation (15),
neglecting terms of O(ε), and holds even for large deflections (i.e.κ = O(1)).

To integrate the momentum equations (16) across the sheet, expressions for the integrals of the pressure derivat∂p/∂s

and∂p/∂n are needed. These are derived from the dynamic boundary conditions in appendix. With the aid of (22) and
momentum equations (16), integrated across the sheet, result in the following expressions:

(s)
∂u

∂t
+ u

∂u

∂s
+ 2κuf = gx − aDx

g
cosθ + gy − aDy

g
sinθ

− 1

2

∂

∂s
{pg+ + pg−} + 1

R

{
4
∂2u

∂s2
+ 4

T

∂T

∂s

∂u

∂s
− κ2u

}
+ O(ε),

(27)
(n)

∂f

∂t
+ u

∂f

∂s
− f

∂u

∂s
− κ(u2 − f 2) = gx − aDx

g
sinθ − gy − aDy

g
cosθ − 1

εT
{pg+ − pg−} − 1

εT

2κ

W

− 1
{

1 ∂T
κu + 3κ

∂u + u
∂κ + ∂κ

}
+ O(ε).
R T ∂s ∂s ∂s ∂t
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The two integral momentum equations (27), together with the integral form of the mass conservation equation (22), c
a set of equations of motion in the unknownsu, f , andT . The shape of thes-axis, characterised byθ andκ can be derived by
integration of the velocityf over time.

6. Discussion of the validity of the equations

This section first discusses accuracy issues related to the derived set of equations (27), especially in light of the
velocity profiles (19) and (20). A necessary comparison of the derived set with previous literature follows.

The equations of motion (22) and (27) have been derived considering a streamwise velocityu independent of the norma
co-ordinaten, as shown by (19). In Section 5 it was noted from (16), that∂u/∂n is at most O(ε). The assumption∂u/∂n = 0
actually implies that for a bent sheet, fluid particles at the concave side of the sheet will reach a certain location dow
faster than particles at the convex side. This is readily discerned by looking at the expression for the element of leh =
1 + nκ . Physically speaking, this means that some additional viscous force will be present. This viscous force will
identified.

Suppose the hypothesis from the theory of elasticity, stating that planar cross-sections remain planar after bendin
sidered valid also for sheet flow. Then, an expression for the dependence ofu onn may be deduced in the sense:

u = A(s, t) + εC(s, t)n. (28)

HereA is the average streamwise velocity, as the integral of the second term on the right across the sheet is zero. A
sion for C may be deduced when forcing planar cross sections to remain planar after flowing over an infinitesimal
downstream, such thathδs = uδt . Equalling terms in the same power ofε results in:

C = κA. (29)

Likewise, from the discussion in Section 5 it is clear that∂2v/∂n2 = O(ε) or smaller. Assume thus:

v = B(s, t)n + εD(s, t)n2. (30)

Redoing the derivation of the equations and boundary conditions with the new expressions (28) and (30), foru andv respec-
tively, results finally in slightly altered momentum equations with respect to (27). The newly founds-momentum balance ha
compared with (27), on its left-hand side an additional inertia termCf , and on its right-hand side an additional viscous te
κCR−1. Using (29) this means that the additional viscous term cancels the last viscous term in thes-balance of (27). The newl
derivedn-momentum balance has additional viscous terms−2DR−1 andC(∂T /∂s)(T R)−1 with respect to (27). Using (29
this last viscous term cancels the first viscous term in then-balance of (27). Clearly (29) reduces viscous dissipation in a
liquid sheet. This analysis is O(ε) accurate.

When (28) and (30) are used to derive (26), it can be shown thatB = −∂A/∂s is O(ε) accurate. In (27) viscous terms appe
of O(1). As already noted by Clarke [5], this shows that viscosity still plays a relevant role in the flow behaviour of s
liquid sheets, even on the assumption of a uniform streamwise velocity (19). We will further assess the influence of
by means of numerical computations in Section 7.

A closer look at then-balance equation of (27) reveals a pressure and surface tension term of O(ε−1). We deduce thus
that an O(ε) pressure differencepg+ − pg− will cause an O(1) deflection of the sheet. In Section 4 it was already noted
W ≈ O(ε−1), so the surface tension term is globally O(1) too.

For stationary, vertically falling liquid sheets (gx = g and gy = 0), without any applied acceleration�aD = 0, and with
pg+ = pg−, the sheet’s centre line is straight. Under such circumstancesθ(s) = κ(s) = 0. The s-momentum balance thu
becomes:

u
∂u

∂s
= 1+ 1

R

{
4
∂2u

∂s2
− 4

1

u

(
∂u

∂s

)2}
, (31)

which coincides with equation (2) of Taylor, when applying the normalisation procedure given by (1). Let us recall that
also derived by Clarke [5] and Ramos [9] as the leading order equation governing the streamwise velocity in slender
liquid sheets. Comparing (31) with Aidun’s equation (5) shows an additional surface tension and pressure term in
present analysis also includes surface tension effects, but these do not appear in (31) because it was shown thatκ̃if = O(ε). The
pressure term in (5) appears because Aidun expressed dynamic boundary conditions with only the surface tension ba
stresses at the interface, while not considering the pressure (Eq. (7) in [8]).

Finnicum et al. [14] derived an equation governing the deflection of an inviscid sheet based on an overall momentum
in a curvilinear reference frame. Eqs. (4) of Finnicum et al. are also predicted by the presently derived Eqs. (27). In
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the time-independentcase, for an inviscid liquid and under a constant pressure difference, (27) rewritten indimensionalform
becomes:

(s)
∂

∂s
(T u2) = gT cosθ,

(n) κ(T u2 − 2σ) = (pg+ − pg−) − ρgT sinθ (32)

which is identical to the set of equations (4) of Finnicum et al.
Weinstein et al. [15] derived time-dependent equations governing the shape of a 2D liquid sheet for very small de

of the sheet’s centre line. Inviscid, potential flow is assumed, and the equations are linearised around an undisturbed
In essence, Weinstein et al. derived two equations, one governing the deflection of the sheet’s centre line, which the
sinuous equation, and a second one governing thickness variations, which is called the varicose equation, for the c
pressure disturbance is applied. The varicose equation (Eq. (25b) in Weinstein et al.) is nothing else than the integral fo
continuity equation (22) derived in the present paper. The sinuous equation deserves a closer look. The dimensional c
of the sinuous equation (25a) of Weinstein et al. is:

∂2Y

∂t2
+ 2u

∂2Y

∂x∂t
+

{
u2 − 2σ

ρT

}
∂2Y

∂x2
= −g

∂Y

∂x
+ pg+ − pg−

ρT
(33)

in which Y represents they-co-ordinate of the centre line, and all other quantities are represented by the definitions a
in the present paper. (33) is valid forY very small. We will now try to express then-balance of (27) in the same form of (33
Assume inviscid flow, and very small deflections such thatf = O(ε). Redoing the derivation under these assumptions d
not introduce any additional terms than present in (27). Thus, the followingdimensionalequation governs the deflection in th
inviscid case, for smallf , gx = g, gy = 0 and�aD = 0:

∂f

∂t
+ u

∂f

∂s
− f

∂u

∂s
−

{
u2 − 2σ

ρT

}
κ = g sinθ − pg+ − pg−

ρT
. (34)

For smallf , �s ≈ �x, and by considering the kinematic condition at a boundary interface:5

−f = ∂Y

∂t
+ u

∂Y

∂x
(35)

an expression for the time derivative off may be deduced. The minus sign appears due to the orientation of the(s, n)-frame.
For deriving the spatial derivative off , the diffusion term in (35) may not be considered:∂f/∂s = −∂2Y/∂x∂t . Furthermore
κ ≈ ∂2Y/∂x2 and sinθ = ∂Y/∂x. Comparing now the two equations, we note that in (33) a term−f ∂u/∂s is missing with
respect to (34). This term originates from the termρh(v + f )∂v/∂n in Eq. (12) and does not disappear after integration as
an even function ofn. It may however be argued that whenf is very small this term might be neglected.

Eq. (33) is identical to the one derived by Schmid and Henningson [17] for an inviscid falling liquid curtain (Eq.
Those authors used a derivation similar to Weinstein et al. The nonlinear equations derived by Mehring and Sirign
governing capillary waves on horizontal, inviscid liquid sheets may also be deduced following the derivation describe
present paper. In this case a different scaling method should be applied, as gravity is not included in the analysis of
and Sirignano. In this context a slenderness ratio still can be used, but refers to the ratio of the sheet thickness to a cha
wavelength of the appearing capillary waves. The terms appearing on the right-hand side of Eqs. (2.21) and (2.22) of
and Sirignano are surface tension terms due to the curvature of the interface and of the centre line. In the present an
were – except for the capillary term in then-balance – neglected as their order of magnitude resulted to be too small.

A solution to the presently derived Eqs. (22) and (27) in the case of an applied acceleration�aD may be found by numerica
methods as the following section describes.

7. Influence of viscosity

This section investigates to which extent the transient response of a liquid sheet is affected by viscosity. The analysi
on numerical computations of the derived set of Eqs. (22) and (27) by a finite difference method. A predictor–corrector a
was used to solve the finite difference equations for the three unknownsT , u, andf . This is an explicit finite-difference
method to solve the equations through a time-marching scheme. It is O(�s2) accurate in both time and space. Calculatio
were performed with Matlab™ with a time step of 5.0 × 10−5 s. The sheet consisted of 50 nodes. The computations

5 See e.g. Mehring and Sirignano [18], or Schmid and Henningson [17].
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performed assuming the following values: length of the sheetL = 0.125 m,ρ = 1100 kg m−3, σ = 37× 10−3 N m−1, initial
sheet thicknessT0 = 0.4 mm, and flow rate per unit sheet widthQ = 100 mm2 s−1. Using these values, the slenderness r
ε = 3.2× 10−3, and the streamwise velocity scaleus = 1.1 m s−1. Pressure differences across the sheet are not consider
this analysis:pg+ = pg−.

In the stationary case of a vertically falling sheet (gx = g, andgy = 0), for which no�aD is applied andf (s, t) ≡ 0 at all
times, the stationary streamwise velocity and sheet thickness can be found by large-time computation of the finite d
equations. Stationary values ofu andT have been computed for viscositiesµ = 0.01 Pa s,µ = 1 Pa s, andµ = 10 Pa s. The
corresponding values of the modified Reynolds number are:R = 15220,R = 152.2, andR = 15.2 respectively. Fig. 6 plots th
results. The curves forµ = 0.01 Pa s coincide with the free fall velocity under gravity and are therefore labelled asinviscid. An
increasing viscosity will slow down the streamwise velocity and cause a thicker sheet. The difference in streamwise v
the lower end of the sheet, compared with the inviscid case, amounts to 5% forµ = 1 Pa s and 24% forµ = 10 Pa s.

The shown differences in the stationaryu andT for viscous liquids, compared to the inviscid case will undoubtedly affec
transient response of the sheet to an applied acceleration�aD . We will illustrate the influence with a computed example. Cons

Fig. 6. Computed stationary streamwise velocity and sheet thickness (nondimensional values).

(a) (b)

Fig. 7. Computed transient responses of a sheet for different liquid viscosities. (a) Deflection of sheet’s lower end and appliedaD . (b) Sheet
profile during deflection.
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an acceleration:aDx = 0, aDy = aD(t) shown in the lower graph of Fig. 7(a). The computed transient response of the sh
this applied acceleration trajectory is given in Fig. 7 for different values of viscosity. Fig. 7(b) shows the lateral sheet
at three instances of time. The upper graph of Fig. 7(a) plots the normalised horizontal (y) displacement of the sheet’s low
end in function of time. The graphs show that a higher viscosity causes (i) a slower response and (ii) an increased
of the sheet. The use of higher performing acceleration trajectories (i.e. with higher peak accelerations) will accen
differences. Let us also note that the present computations assume a sheet in a vacuum. Surrounding air will significa
the response during sheet motion. For a detailed discussion on this aspect the interested reader is referred to par
discusses performed experiments and compares with additional computational results.

8. Conclusion

The aim of this part I paper was to derive equations of motion capable of describing the time-dependent deflection o
of liquid when subjected to inertia forces. Liquid viscosity was considered in the derivation. The equations of motio
been derived in a curvilinear co-ordinate system which is time-dependent, its shape being governed byθ andκ . The derived
equations of motion are integral expressions over the sheet’s thickness, and constitute a set in the unknownsu, f , andT .

The integral continuity equation governs the unsteady sheet thickness. The integrals-momentum balance governs th
unsteady streamwise velocity, orientated along the sheet’s centre line, and the integraln-momentum balance provides a tim
dependent equation governing the normal velocity of the sheet’s centre line. The derived equations are O(ε) accurate.

The derived equations predict equations governing streamwise velocity, large steady-state deflections and sm
dependent deflections that were derived in previous literature works. Finally, an analysis was performed to invest
influence of viscosity on the sheet’s behaviour, based on finite difference computations of the derived equations. The
of viscosity on the streamwise velocity was found to be significant. The response of a viscous sheet to an applied ac
trajectory is larger and slower, compared to the inviscid case.

Part II will present experimental data of the response of a liquid sheet to variousaD . Experiments are then compared
numerical computations, based on the set of integral equations derived in the present paper.
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Appendix A. Derivation of the dynamic boundary conditions at a free surface

In order to derive the dynamic boundary conditions at a free liquid–air interface we follow the thoughts of Buckmas
and write out the momentum equations for a triangular boundary fluid element, as depicted in Fig. 5. Therefore, we
Eq. (7), and note that the surface integral on the left-hand side of (7) is O(δs2), and we therefore neglect it. The same holds
the volume forces. The integral along the contour is zero, because the fluxes through the borders cancel out totally. T
the resulting equations will not contain any inertia terms. This is in contrast with Buckmaster’s expressions (2.4) [1
problem here is that Buckmaster apparently did not consider a flux through the interface. The present authors note he
to a fixed control volume approach, there has to be a flux through the interface if the interface is to change. This fact
be seen when considering that theu, v, andf velocity components at the interface are not orientated along the interface
resulting dynamic boundary conditions at the positive interface thus result in the following expressions:

(s+) − h+pns + 1

2

∂T

∂s
pss + 1

2

∂T

∂s
(pg+ + σκ+

if
) = 0,

(A.1)
(n+) − h+pnn + 1

2

∂T

∂s
pns − h+(pg+ + σκ+

if
) = 0.

The the+ sign is used to denote quantities at the interface for positiven = T/2, andκ+
if

represents the curvature of th
interface, which normally does not coincide with thes-axis’ curvatureκ . Analysis of (A.1) shows that the present derivati
equals the statement that the stress tensor at the edges is balanced by ambient pressure and surface tension, as is
in Ramos [9].
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The derivation for the negative interface proceeds analogously, and results in:

(s−) h−pns + 1

2

∂T

∂s
pss + 1

2

∂T

∂s
(pg− − σκ−

if
) = 0,

(A.2)
(n−) h−pnn + 1

2

∂T

∂s
pns + h−(pg− − σκ−

if
) = 0.

Expressions (A.1) and (A.2) can be written in terms of the velocity components with the aid of (11) and result in (14).

Appendix B. Calculation of the integrals of the pressure derivatives

First, an expression for the pressurep in the sheet is derived from then-balances of the dynamic boundary conditions (1
Considering (19), these may be rewritten to:

p+ = pg+ + κ

W
− 1

2

ε

W

∂2T

∂s2
+ 1

R

{
2
∂v

∂n
+ 1

2

ε

h+2

∂T

∂s
κu

}
+ O(ε2),

(B.1)

p− = pg− − κ

W
− 1

2

ε

W

∂2T

∂s2
+ 1

R

{
2
∂v

∂n
− 1

2

ε

h−2

∂T

∂s
κu

}
+ O(ε2).

When the terms of O(ε2) or higher in (B.1) are neglected, an expression for the pressurep within the sheet can be derived:

p = 1

T

{(
n + T

2

)
pg+ −

(
n − T

2

)
pg−

}
+ 2n

T

κ

W
− 1

2

ε

W

∂2T

∂s2
+ 1

R

{
2
∂v

∂n
+ ε

h−2

n

T

∂T

∂s
κu

}
+ O(ε2). (B.2)

For calculating the integrals, we first need two other relationships, that can also be deduced from the dynamic b
conditions (18). Summing thes-balances of (18) gives:

1

2

∂T

∂s

{
(pg+ + pg−) − (p+ + p−)

} − 1

R

{
T

∂B

∂s
− 2

∂T

∂s

∂u

∂s

}
= O(ε), (B.3)

while summing then-balances of (18) results in the following equation:

(p+ − p−) − (pg+ − pg−) + εκ
T

2

{
(p+ + p−) − (pg+ + pg−)

} − 2κ

W
− ε

R

{
2κT B + ∂T

∂s
κu

}
= O(ε2). (B.4)

The integral of thes-derivative of the pressure can be written as:

T/2∫
−T/2

∂p

∂s
dn = ∂

∂s

T /2∫
−T/2

pdn − 1

2

∂T

∂s
(p+ + p−). (B.5)

Inserting (B.3) into (B.5), and using (B.2) leads to:

T/2∫
−T/2

∂p

∂s
dn = T

2

∂

∂s
(pg+ + pg−) + 1

R

{
2

∂

∂s
(T B) + T

∂B

∂s
− 2

∂T

∂s

∂u

∂s

}
+ O(ε). (B.6)

The integral of then-derivative of the pressure may be written out as follows.

T/2∫
−T/2

h
∂p

∂n
dn =

T/2∫
−T/2

∂p

∂n
dn + εκ

T/2∫
−T/2

n
∂p

∂n
dn = (p+ − p−) + εκ

[ T/2∫
−T/2

∂

∂n
[np]dn −

T/2∫
−T/2

pdn

]
. (B.7)

With the aid of (B.4), and (B.2) the integral (B.7) becomes:

T/2∫
−T/2

h
∂p

∂n
dn = (pg+ − pg−) + 2κ

W
+ ε

R

∂T

∂s
κu + O(ε2). (B.8)

The accuracy of (B.8) has to be O(ε2), as the term containing∂p/∂n in (16) is O(ε−1), and the set (27) is accurate to O(ε).
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